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Abstract-Standard methods exist for obtaining higher-order boundary-layer solutions at high Rayleigh 
numbers for convection flows in fluid-saturated porous media. The properties of the medium are usually 
considered uniform, however, and this is rarely the case in physical situations. We extend the theory to the case 
where the medium consists of two half-planes each with different permeabilities and diffusivities. A plane 
convection plume at the interface between the different media will be affected by this discontinuity, and we 
obtain results for the centreline velocity and concentration in terms of the ratios of permeabilities and 
diffusivities. Crossflow only occurs at second order, and many unexpected symmetries of the flow are found. 

These results should be of practical interest in tracer tests to identify heterogeneities in porous rocks. 

INTRODUCTION 

THE BOUNDARY-LAYER formulation of Darcy’s law and 
the energy equation has been used with considerable 
success in a number of aspects of diffusion in fluid 
saturated porous media. An analysis of natural 
convection from a heated impermeable surface 

embedded in the medium has been used by Cheng and 
Minkowycz [ 11 to model heating of groundwater in an 
aquafier by a dike. Several other boundary layer 
natural and mixed convection flows are described in 

detail by Cheng [2]. 
In order to improve the estimates based on 

boundary-layer theory at smaller values ofthe Rayleigh 
number (and therefore shorter downstream distances), 
Cheng and Chang [3] use singular perturbation theory 
for these problems. This gives first-order corrections to 
the boundary layer solutions for vertical flows in which 
a given power law temperature dependence in x is 
prescribed on a downstream surface. The results are 
valid therefore only when the temperature is known, 
such as isothermal, and Joshi and Gebhart [4] use the 
method of matched asymptotic expansions [S] to solve 
the general case where only the zero-order surface 
temperature dependence is known. Three types of 
heating conditions were considered, including the line 
heat plume, in which a two-dimensional- source 
provides a constant heat flux in a fluid saturated porous 
medium. The method allows consistent approxim- 
ations up to second order. 

All the porous media considered above have been 
homogeneous and uniform, however, and this is rarely 
the case in natural rock systems. Indeed, tracer tests rely 
on distortions in the diffusion patterns of solutes to 
identify heterogeneities in the porous medium. Some 
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measure of how much asymmetry is caused in the flow 
pattern by sharp changes in rock type is therefore useful 
and it is this problem we now explore. Specifically, we 
consider a line source plume at the interface between 
two porous media, each with different permeabilities 
and diffusivities. This is probably the simplest model 
problem to investigate, since the zero-order solution for 

a uniform medium is known analytically [6]. The 
boundary conditions at the interface yield linear 
differential eigenvalue problems at each order to solve 
for the crossflow between media, the centreline 
concentration and the centreline velocity. By following 
the method of Joshi and Gebhart [4], we find that 
crossflow only occurs at second order, while simple 
relationships exist between the solution to the present 
problem and the uniform medium case at zero and first 
order. 

FORMULATION 

The governing 2-D Boussinesq natural convection 
equations in a fluid-saturated porous medium [6] are : 
the continuity equation 

u = tiy, 0 = -II/,, (1) 

Darcy’s law 

and the energy equation 

The boundary conditions at an interface between 
two different media along y = 0 are : 

continuity of velocity 

[$]=o, [g]=o (4a,b) 
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Ai(X) 
A,, B,> C, 
Cl 

Airy function 

c2 

4.4 

f 

(3x1 

9 

h.o.t. 
K 
N 

: 
Y 

constants in equations (38) and (40) 
ratio of diffusivities in the media, 

X+/K_ 
ratio of permeabilities of the media, 

K+JK- 
downstream zero-order 
concentration decay, Nx- Ii3 
non-dimensional stream function, 

$/(xRai”) 

function in equation (20) 
gravitational acceleration 

higher-order terms 
permeability of the porous medium 
constant in the equation for d(x) 

C~~PKNI~~ll’z 
source flux of the line plume 
radial cylindrical polar coordinate, 
(x2 + y2)1’2 

Ra, local Rayleigh number, P2x ‘I3 

s concentration 
u x-component of velocity 

V y-component of velocity 

X vertical coordinate 

?’ horizontal coordinate. 

NOMENCLATURE 

Greek symbols 
diffusivity of the porous medium 
density fraction of the solute 
boundary-layer thickness, x2j3Pm ’ 
perturbation parameter, Ra, l/2 

viscosity of the fluid 
density of the fluid 
nondimensional horizontal 

coordinate, y/S 
stream function 
angular cylindrical polar 
coordinate, tan (3 = y/x. 

Subscripts 

r, 
1 
2 

+ 
- 

Operators 

Cl 

reference value 
condition when E = 0 
first-order correction 
second-order correction 
value for y > 0 
value for y < 0 
(no subscript implies the value for 

Y > 0). 

u-1 = f(O+)--&l-(0-). 

and continuity of flux of solute 

s 

a 

- Cstixl = C-,1 + KS,, dy (x > 0). (4~) 
- m 

This last equation is obtained from the energy 
equation by integrating along a horizontal line 
y = constant, and using the fact that for a line plume, 
since the source is providing a constant flux of solute [6] 

s 

ix 
s$,. dy = Q = constant. (5) 

- a 

Finally, there are the conditions at infinity : 

s + 0, u -+O as r+x, e + 0. (6) 

Within the inner boundary-layer region, where 
y = O(6) and x >> Pm’, we expand the streamfunction 
and concentration as below. Here 6 is the boundary- 
layer thickness and P -I is the source region size, 
and eigenfunctions may also have to be added 

c4.u,y) = tiRa~‘2~fo(l?)+&fi(~)+E2f2(~)+ h.o.t.} (7) 

s(.x> Y) = 4.-G{ddrl) +hoI) +~~42(rl) + ht.}. (8) 

The perturbation parameter is E = Ra; liz [3] and the 
Rayleigh number [6] is given by 

Ra, = pgpKN.x2’3/pK. (9) 

Now, in equations (7) and (8) it is understood that one 
expansion, with the subscript + will hold for r] > 0, 

while another, bearing the subscript -, will hold for 
n < 0. The advantage of formulating the problem in this 
way is that at each order one differential equation 
holds for all n, but with a jump condition at 4 = 0 
relating fj+(s) withfj_(q). In this way, the solution of 
the boundary-value problem at each order is a compli- 
cated eigenvalue problem. 

We assume different values of K and K in the two half- 
planes, and N will also be different, from the solution of 
the zero-order problems. The other parameters, 

however, will all be constant. 
In the outer region, far from the boundary layer and 

where 0 # 0, r D P- ‘, the following expansion holds : 

* = lJo+lJl+~2+ ..‘, (10) 

s = 0. (11) 

Furthermore, in this outer region the flow is 
irrotational. 

The quantities ofprime interest in this calculation are 
the centreline velocities and concentrations, given by 
f;(O) and c#J~(O), and also the crossflow between the two 
media, measured by 

tjX(x, 0) = $P3Ra; ‘&(O) -$cP3Ra; zf2(0)+ h.o.t. 

(12) 
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ANALYSIS 

The zero-order boundary-layer problem for f. and 
& in equations (7) and (8) is given in refs. [2] and [6] as 

fb-40 = 0, (13) 

4; +U&) = 0. (14) 

The boundary conditions for this case are, however, 

[icP2f6] = [i&l = [KNP&] = 0 (15a-c) 

from equation (4) and 

40-0, A-0 (yI+a) (16a, b) 

from equation (6). 
Eliminating & between equations (13) and (14) gives 

f;+if; = q-b, (17) 

with the solution 

f. = 61 ;;;; 1;; , I = (u/6)“‘, 
I 

p = b(6a2) - 2’3. 
(18) 

Here the function Ai is the usual Airy function, and 
the constants i and p must now be found by applying 
the conditions (15) at 9 = 0. This gives 

[KPAG(~)] = 0 (19a) 

[1%P2(~ + 2G2(p))] = 0 (19b) 

[13~NP(++ 2G3(p) +pG(p))] = 0 (19c) 

where 

G(x) = &X)/A,(X). (20) 

An obvious solution to the system ofequations (19) is 
1, = 1_ = 0. Apart from this, it is important to note 
that for (18) to be a valid solution it must not contain 
singularities for any r] > 0. In particular, any 
eigenvalues p must be greater than the largest root of 
L&(X). An extensive numerical search for solutions to the 
system (19) for a variety of values of c1 = K+/K_ and 
c2 = K +/K _ failed to find any values of p satisfying 
this condition. Some values are given in Table 1 for vari- 
ous values of c2 and c1 = 1 (which was found to give 
the largest values of p). 

We conclude that on the basis of numerical evidence, 
the only solution to the eigenvalue problem (13H16) 
with no singularities has 1 = 0. Then, 

fo+ =fo- = 46 tanh C1lJ61, 

&I+ = h- = se&’ CdJ61, 

(214 

@lb) 

Table 1. Solutions to equations (19a-c), with c, = 1 

C2 -P+ -P 

1.1 3.6717 2.8198 
1.5 3.4506 3.0455 
5.0 3.3193 3.1771 

10.0 3.3066 3.1898 
lo4 3.2962 3.2002 

with the scale constants N given by 

K+N+ = K-N-, (22) 

and, by using equation (21) in the definition (5), 

$J$Q = {(?k)1’2+(!k)“‘)(%j!!)“2~+~+. 
(23) 

We now match this inner solution to an outer 
solution 5, + $i, which satisfies 

v2$, = 0 = v2$,. (24) 

5, and V$, continuous everywhere. 

&J-O as r --*co. (25) 

lJ,ce = +O) = K+P+ J6r”3, 

$,(e = -0) = K_P_J6r”3. 
(26) 

I$, and V$, continuous on 0 = rr, 

IJ, = O(F). (27) 

The inhomogeneous condition (26) results from 
matching with the boundary-layer solution (21) as 
r) + co. Equations (24) and (25) imply that PO = 0, while 
equations (24), (26) and (27) can be solved by a Mellin 

- 
transform, to give $i* in terms of integrals. The 

essential feature of this solution is the behaviour as 
Pr + co, to match with the inner region. We find this by 
using the calculus of residues, to give 

3 1 * - J~K,P,~“~{cos @ 

-(2cF 1’2 - 1)3 - ‘I2 sin #} +O(- i/‘). (28) 

Expanding this about 0 = 0, in the matching region 

s 1* - + J6k-,Rai’2 1 - i(2cf ‘I2 - 1)s~ 
3J3 

2 2 

+ y +h.o.t. . (29) 

The first-order inner problem is given by 

f;-+; =o (30) 

4; +(+ffb)41 +MJf; +Bfowl = 0 (31) 

subject to the boundary conditions (4) at the origin 

f; +(O) = cY2f; -m 

f’;+(O) = C2IClf;m 

and at infinity 

91*(&m) = 0 

f1*(~)-TJ2(2c:“2_-1)0+ A1 
3 { B1 

(32) 

(33) 

(34a) 

(rl++co) 

(? * -co). 
(34b) 

This last condition is found by matching with 
equation (29). The equations were integrated numeri- 
cally to give a set of complementary functions, and 
using the boundary conditions gave a linear system of 
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equations to solve for the unknownsf,(0),f’r(O), 41(O), 
d’,(O). It was found numerically that in all cases 

f\(O) = fi(0) = &l(O) = 0. (35) 

This result is not at all obvious from an investigation a 
priori of the problem. 

Because all solutions have this property, they reduce 
to a form very similar to those calculated by Joshi and 
Gebhart [4]. For the uniform medium case, equation 
(34b) becomes f;(a) = -,/2/3, and by integrating 
equation(3l)over [0, co], 4,(O) = -f;(co).Thisis why 
in ref. [4], 4,(O) = 0.4714. In our case, 

f;(o) = 0, &*(O) = + $(2ci i/2- 1), (36) 

and 

(f,>&) = (2c:“2-l)(F1,@1), (37) 

where F, and O1 are the solution given by Joshi and 
Gebhart in Fig. 2 of their paper [4]. 

The second-order outer solution is governed by 

v2$, = 0, (38) 

$,(O = +0) = K+A,, $,(0 = -0) = x-BI. (39a) 

q2 and V$, continuous on 0 = IL. (39b) 

The condition (39a) comes from matching $i + 3, with 
the two-term inner expansion. 

We solve this by the same Mellin transform 
technique as was used on the first-order problem. 
Again, expanding about 0 = 0 for r >> P- ’ in the 
matching region 

$,, = ti+Raii2c 
A,+.sC,r/+h.O.t. (II > 0) 

B, +eC2~+h.o.t. (ij < 0) 
(40a) 

where 

c, =- c,‘B1 +A, BI +c,A, 
2n 

and C, =- 
27l . 

Wb) 

The second-order inner problem is then obtained as 

f’;+{~~“fg+5?fb-tfo}-~; = 0, (41) 

~;+D?‘~6+~~~~+%~ol+fb~2+C~f;~11 

+fh~; -34bf2 +w; = 0. (42) 

The boundary conditions at this order become 
complicated as well. The continuity of velocity (4a,b) 
requires that 

.f;+(O) = c,%(O), f2+(0) = c;3’%-(o). (43) 

The flux condition at the interface (4~) gives, at q = 0, 

$c; ’ - l)f2 _ - (c:“c, ‘4; + - 4; _) 

= 2(2/3)“2(c;‘2c; L - 1). (44) 

Finally. by matching 5, + $, + 5, with the three-term 

inner expansion, we obtain the conditions at infinity 

(45) 

where C, and C, are given by the solution to the first- 
order problem, and equation (40). Finally, we note that 
by integrating equation (41) over [0, co] and over 
[ - co, 01, the following relationship is obtained 

f;+(O)-C, = &+(O)r f-KY--C2 =42-(O). (46) 

It is hard to do any further analysis on this problem, 
however, and the numerical results are given in the next 
section. It should first be noted that in common with all 
matching schemes eigenfunctions satisfying the 
boundary conditions can always be added to the initial 
perturbation expansions (7) and (8). Any multiple of 
these eigenfunctions can be added, and the associated 
multiplicative constants are usually indeterminate. 

For the line source plume in a uniform porous 
medium, it is shown in ref. [4] that the first 
eigenfunction only occurs at 0(e3) and so the 
perturbation expansions we have postulated hold good 
to O(E’). For other types of convective flows, however, 
these eigenfunctions occur at lower orders and it 
becomes necessary to include logarithmic terms as 
done by Stewartson [‘I]. and they will complicate the 
problem for the higher-order corrections. This is a 
reason why the line source plume was chosen to 
illustrate the crossflow effects at an interface between 
different porous media, since they are seen to occur at 
second order before the eigenfunctions complicate the 
problem. 

RESULTS 

The second-order linear eigenvalue problem (4lt_ 
(45) was integrated numerically by a standard shooting 
and matching technique which is described in detail in 
ref. [8]. This reduces it to a matrix inversion problem to 
determine the unknowns, which includef;(O), 42(O) and 
f2(0). Then the centreline concentration is given by 

s(x, +O) = Nx-“~ 1 + 3(2c~“z-1)~+~~i(0)~2 , 
I 

J2 

I 
(47) 

and the centreline vertical velocity is 

u(.x, 0) = ; Ra,[ 1 + f;(0,e2]. (48) 

Finally, the crossflow up to O(F?) is given, from equation 

(12), by 

u(x, 0) = - &s%(O). (49) 

The computed values off;(O) and 42(O) are given in 
Table 2. The values off‘; -10) and 4; -(O) can readily be 
calculated from this table from equations (43) and (44) 
and so are not listed. Furthermore. values correspond- 
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ing to c; ’ and c; ’ are the same as those with c1 and c2 

but with plus and minus signs exchanged. We find that 

these two parameters depend only on the value of c1 and 
are quite independent of c2. This is a surprising result, 
reminiscent ofthe first-order result in equation (35). It is 
not at all obvious from an analysis of the problem 
without computing. The values off*(O) do, however, 
depend both on c1 and c2. For this reason they are more 
conveniently plotted on a graph in figure one. Altering 

c2 does have a significant effect on the crossflow, 
therefore. 

DISCUSSION 

We have found solutions valid to second order for the 
problem of a plane plume at the interface between two 
fluid-saturated porous media with different per- 
meabilities and diffusivities. Although it cannot be 
proved analytically that these solutions are unique, the 
numerical methods used do give unique answers. 

What we find is a surprising amount of symmetry 
remaining in the problem even if the medium is 
inhomogeneous. At zero-order, the only solution 
without singularities appears to be the same one as in 
the homogeneous case. This conclusion is based on a 
numerical search for the eigenvalues of the system (19), 
but it does seem quite certain. The ratio ofthe velocities 
in the two media is found to be c:“, according to (22), 
and is therefore independent of the ratio of 
permeabilities. Furthermore,&(O) = 0 and so there is 
no crossflow at this order. 

At first order the situation is similar. A numerical 
investigation ofthe eigenvalue problem (3 lH34) yields 
only symmetrical solutions (35). This means that there 
is still no crossflow, and no correction to the centreline 
vertical velocity. Because of the structure of the 
equations, the correction to the centreline concentra- 
tion is given in closed anlytical form by equation (36), 
and only depends on the ratio ct. Again, the ratio c2 
seems to have little effect on the solution at this order. 

It is only at second order that any crossflow occurs, 
and is given by equation (43) and Fig. 1. This quantity 
does depend on both c, and c2. The centreline vertical 

Table 2. Results of the second-order computations 

c I f m duo) 

0.25 0.3326 0.4811 
0.5 0.3111 0.4775 
0.75 0.2978 0.4763 
1.0 0.2823 0.4760 
2.0 0.2656 0.4742 
3.0 0.2559 0.4729 
4.0 0.2526 0.4716 
5.0 0.2533 0.4702 

\ 5 \4 

1 I 
Cl 

0 5 

FIG. 1. Results of second-order calculations. 

velocity and concentration corrections, however, are 
still independent of c2 and are tabulated in Table 2. 

It is difficult to proceed with the analysis past second 
order because of the existence of eigenfunctions. The 
higher-order problems then become far more 
complicated numerically. The results given should give 
very useful measures of the centreline velocities and 
concentrations of such flows. In particular, the 
crossflow result (48) can be used in tracer tests along the 
boundaries between rocks. Experimental data to 
compare with is lacking, but the results in Fig. 1 should 
be easy to check. 
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EFFETS D’UNE DISCONTINUITE VERTICALE DANS UN MILIEU POREUX. SUR UN 
PANACHE DE CONVECTION PLANE A DES NOMBRES DE RAYLEIGH ELEVES 

R&sum&-11 existe des mkthodes pour obtenir des solutions de couche limite d’ordre &levt, i nombre de 
Rayleigh tlevt?s, pour des Ccoulements de convection dam des milieux poreux sat&s de fluide. Les propri& 
du milieu sont gintralement consid&r&es uniformes, neanmoins ceci est rarement le cas dans les situations 
rtelles. On &end la thtorie au cas oti le milieu comprend deux demi-plans avec difftrentes permiabilitis et 
diffusivit&. Un panache de convection plane B l’interface entre les milieux diffirents est influenct par cette 
discontinuitb et on obtient des rCsultats pour les vitesses et concentrations sur la ligne des centres en fonction 
des rapports des permtabilitts et des diffusivitts. Un Ccoulement transversal apparait seulement au second 
ordre et on trouve plusieurs symCtries de l’icoulement. Ces r&.ultats devraient @tre utilisables dans les essais 

par traceur pour identifier des htt&ogirn&tts dans les roches poreuses. 

DER EINFLUSS EINER VERTIKALEN DISKONTINUITAT IN EINEM POROSEN MEDIUM 
AUF EINE EBENE KONVEKTIONSFAHNE BE1 HOHEN RAYLEIGH-ZAHLEN 

Zusammenfassung-Fiir Konvektionsstrijmungen in fliissigkeitsges6ttigten porSsen Medien existieren 
Standardmethoden fiir Grenzschichtl&ungen hiiherer Ordnung bei hohen Rayleigh-Zahlen. Die Stoffwerte 
des Fluids werden gewiihnlich als konstant angenommen, wasjedoch bei physikalischen VorgPngen selten der 
Fall ist. Wir erweitern die Theorie fiir den Fall eines aus zwei Halbebenen bestehenden Mediums, jede mit 
unterschiedlichen Permeabilitlten und Diffusionskoeffizienten. An der Grenze zwischen den beiden Stoffen 
wird durch diese Trennung eine ebene Konvektionsfahne hervorgerufen, und wir erhalten Ergebnisse fiir die 
Geschwindigkeit und Konzentration in der Striimungsmitte in Abhgngigkeit von Permeabilitgten und 
Diffusionskoeffizienten. Querstriimung taucht nur in Betrachtungen zweiter Ordnung auf, und es wurden 
manch unerwartete Striimungssymmetrien gefunden. Fiir Spurenuntersuchungen zur Identifizieurung von 

InhomogenitLten in porijsen Steinen kiinnen diese Ergebnisse von praktischem Interesse sein. 

BJMIlHME BEPTMKAJIbHOfi HEOfiHOPOAHOCTM B nOPMCTOri CPEAE HA 
n;lOCKYK) KOHBEKTMBHYIO 0OHTAHMPYIOIlIYK) CTPYK) nPM 6OJIbUIMX 

qMCJIAX P3JIEFI 

AHHOTaUH~-CyUIeCTBymT cTan2apTnble Me~0flt.1 nonyseesn noc~aTowi0 Toworo pewrma nolpam+ 

HOrO C.-lOIl UpH 6O.WUkfX 'oHCZ,aX P3JIea JL"R KOHBeKTHBHblX TeYeHHti a HaCbUUeHHblX mMi,KOCTbM 

nop~c~blx cpenax. Ceoricrsa cpenbr 061~9~0 npmmMamT,Tcn on~oponnb~~~, XOTR B peanbeblx $11311- 

9ecKUx cUTyaUmx naHHoe npennonoxem4e ~c~pesae~ca penro. B pa6oTe Teopkin npmemercn n.~n 

cnyran. Korea cpena COCTOMT 543 nByX nOJyn.lOCKOCT& Ka)Kn311 M3 KOTCrpblX WMCCT CBOK) 

UpOHMUaeMOCTb H TeMnepaTypOUpOaOL!HOCTb. Ha "J,OCKy,O KOHBeKTMaHyIo ~OH~BHMpyWU,yFO CTpyM 

Ha rpanflue MemAy pa3nnqnblh4II cpenabni annneT yba3anHaa abnue HeomoponHocTb. no,lyrerlb~ 

pe3y~7bTaTbI J.-M OCeBblX CKOpOCTM U KOHUeHTpaUUM, JaaMCIIU,MX OT OTHOLUCHMII "pOHMUaehWCTI1 Lf 

~revnepaTyponpoeonnocTn. IIonepeqtioe Teqetnie MMeeT MecTo TonbKo Bo BT~PO~< UopnnKe aemwiH. 

06HapyicteHO MHOrO HeOTWLlaHHblX CBOkZTa CMMMeT,,HM nOTOKa. AaHHble pe3yJlbTaTbl "peI,CTaB.lRWI 

~HTepecBonbrTaxnoonpeae:ie~w~Heon~opon~oc~e~~UopwcTb~xrop~b~rnoponax. 


